MTH 166

Lecture-11

Solution of Higher Order Homogeneous
LDE with Constant Coefficients-I




Topic:
Solution of Higher order Homogeneous LDE with Constant coefficients

L_earning Outcomes:

1. Solution of 3" order (Cubic) homogeneous LDE with constant coefficients.

2. Solution of 4" order (Biquadratic) homogeneous LDE with constant coefficients.



Find the general solution of the followinqg differential equations:

Problem 1. y""' —9y"' =0
Solution: The given equation is:
y'" =9y =0 (1)

X

AE.:(D3-9)=0 =>D(D?*-9)=0=>D(D-3)(D+3)=0
=D =10,3,-3 (Real and distinct roots)

S.F.: (D®*—-9D)y =0 where D = di

Letm1 — O,mz — 3, m3 — _3
~. General Solution of equation (1) is given by:
y = c;e™1* + ¢ e™2¥ 4 e™s¥ = vy =ce% + c,e3% +cze 3

=y = ¢ + cye3* +cze 3 Answer.



Problem 2. 3y""" — 2y" —3y"+ 2y =0
Solution: The given equation is:

3y"" = 2y" =3y"+2y =0 (1)

S.F.:(3D3—-2D?—-3D+2)y=0 where D = di

x
AE.:(3D3—2D2—-3D+2)=0=D?(3D—-2)—1(3D —2) = 0
=>@BD-2)(D*-1)=0 =>D=1,-1,2/; (Real and distinct roots)
Letm; =1,m, = -1, m3 = ?/5

~. General Solution of equation (1) is given by:

y = cie™* 4 c,e™2X fcye™3X >y =ce™+ce +C3€2/3x

—_ 2
=y =ceX +ce ™ +cze/3*  Answer.



Problem 3. y""' —2y" +y' =0
Solution: The given equation is:

yIII _ Zy” _I_ yl — O (1)

S.F.: (D3 —2D%?+ D)y =0 where D =~

dx

AE.:(D3-2D?2+D)=0=DD%?-2D+1)=0

>D(D-1)?*=0 =D=011 (Two equal and one distinct real roots)
Letm; =0,m, =1, m; =1

~. General Solution of equation (1) is given by:

y = cie™* + (¢, +c3x)e™2* =y =ce’ + (¢, +c3x)el

=y = ¢; + (¢, +c3x)e* Answer.



Problem 4. 27y"" — 27y" +9y" —y =0
Solution: The given equation is:

27y"" =27y" +9y"' —y =0 (1)

S.F.: (27D3 = 27D2+9D — 1)y = 0 where D = di

x
A.E.:(27D3—-27D*+9D —-1) =0 [a® — b3 — 3ab(a — b) = (a — b)?]
> @BD-1)3=0 =>D=1/,,1/, 1/, (All real and equal roots)

Letm; =1/3,m, =1/5,m3 =1/,

~. General Solution of equation (1) is given by:

y = (c;+cyx + c3x?)e™1*

=y = (ci+cx + c3x2)e ¥ Answer.



Problem 5. y""' — 2y" +4y" — 8y =0
Solution: The given equation is:
yIII _ Zy” _I_ 4yl _ 8y — O (1)

S.F.: (D3 —2D? + 4D — 8)y = 0 where D =

x
AE.:(D?>-2D?+4D—-8)=0=>D?*(D—-2)+4(D—-2)=0

> (D -2)(D?°+4)=0 =D =2,42i (onereal and two complex roots)
Letm; =2, m, =0+ 2i,m3 =0—2i [Complex roots: (a + if)]

~. General Solution of equation (1) is given by:

y = cie™* 4+ e**(c, cos fx + c3sin fx)

=y = e®* +e%(c, cos2x + c3 sin 2x)

=y =ce** + (c;cos2x +c3sin2x)  Answer.



Problem 6. y!¥ —13y" + 36y =0
Solution: The given equation is:
yV —13y" +36y =0 (1)

S.F.: (D*—13D% +36)y = 0 where D = —

dx

A.E.:(D* —13D? + 36) = 0

= (D*—-4)(D*-9)=0 =D =2,-2,3,—-3 (real and distinct roots)
Letm; =2, m, =—-2, my; =3, my =-—3

~. General Solution of equation (1) is given by:

y = ce™* 4+ c,e™2* 4 c3e™3* 4 e’eX

=> vy =ce?* + e + e’ +ce™3*  Answer.



Problem 7. y!V + 8y —9y =0
Solution: The given equation is:

y"V +8y" -9y =0 (1)

S.F.:(D*+8D?—9)y =0 where D = =

dx

AE.:(D*+8D%2-9)=0

> (D*-1)(D?*+9) =0 =D =1,-1,3i,—3i (Mix of real and complex roots )
letm;=1,m,=—-1, m;=0+3i,m, =0—3i

~. General Solution of equation (1) is given by:

y =cier™* + ce™* +e%(c3cos3x + ¢y sin3x)

>y =ce*+ce ™ + (czcos3x +cysin3x)  Answer.



Problem 8. 4y'V + 101y"" + 25y = 0
Solution: The given equation is:
4y +101y" + 25y =0 (1)

S.F.: (4D* + 101D? + 25)y = 0 where D = di

X

A.E. :(4D* +101D? + 25) =0 = (D?+25)?%?=0
= (4D? +1)(D?+25)=0 =D = %i, —%i, 5i,—5i  (Two sets of complex roots)
Letmy =0+-i,my =0—=i,my=0+5i,my =0—5i [(a+if)(y+id)]

~. General Solution of equation (1) is given by:

y =e*(cycosfx + ¢, sinfx) + e?*(cq cos 6x + ¢, sin dx)

1 1 .
= y=e% (01 COS=X + ¢ smzx) + e%(c; cos 5x + ¢, sin 5x)

1 .1 :
=y = (cl Cos— X + C, smzx) + (¢4 cos 5x + ¢, sin 5x) Answer.



Problem 9. y!¥ + 50y" + 625y = 0
Solution: The given equation is:
vV +50y" + 625y =0 (1)

S.F.: (D* +50D% + 625)y = 0 where D = di

X

A.E.:(D* +50D% +625) =0 = (D?+25) =0

= (D? +25)(D*+25)=0 = D =5i,-5i,5i,—5i (Repeated complex roots)
Letm; =0+5i,m, =0—-5i,m;=0+5i,m,=0-5i [(axif), (axif)]
~. General Solution of equation (1) is given by:

y =e*[(c; + cyx) cos fx + (c3+cyax) sin fx)]

= y=e%[(c; + cyx) cos 5x + (c3+c,x) sin 5x)]

= y = [(c1+c2x) cos 5x + (c3+c4x) sin 5x) JAnswer.
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